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Some Aspects of Helicopter Flight Dynamics in Steady Turns
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Results are presented of a theoretical study of the � ight dynamics and handling qualities of hingeless rotor
helicopters in turning � ight. Frequency responses in pitch, roll, and heave are evaluated for variousadvance ratios,
turn rates, and turn directions; comparisonsare made with criteria of the ADS-33 handlingqualities speci� cations.
The results show that couplings between lateral and longitudinal dynamics are present in turning � ight. Flight
speed, load factor, and direction of turn affect frequency and damping of both poles and zeros. Zeros that are
stable in straight � ight can become lowly damped or nonminimum phase and cause a deterioration of handling
qualities. This may also cause � ight control systems designed for straight � ight to perform poorly in some turning
� ight conditions. The bandwidth criteria of the ADS-33 speci� cations do not explicitly address maneuvering � ight
conditions. Therefore, there remains an open question of whether the degradations of handling qualities identi� ed
in this study are real (possibly through mechanisms other than those intended in the original formulation of the
speci� cation) or a mathematical artifact.

Nomenclature
nT = load factor
³ = damping ratio
µ = pitch attitude, rad
µ1c = lateral cyclic, rad
µ1s = longitudinal cyclic, rad
¹ = advance ratio
¿P = phase delay, s
Á = roll attitude, rad
!BW = bandwidth, rad/s
!n = undamped natural frequency, rad/s

Introduction

T HE formulationandapplicationof helicopterhandlingqualities
criteria have been the focus of extensiveresearch, especially in

the last decade. Much of this work has been prompted by the devel-
opment and validationof the U.S. Army ADS-33 handlingqualities
speci� cations.1 A detailed review of these activities is beyond the
scope of the present paper; a thorough discussionof the fundamen-
tal issues associated with the quanti� cation of helicopter handling
qualities characteristicsand an extensive list of pertinent references
can be found in a recent textbook by Pad� eld.2

This paper addressesone speci� c � ightcondition,namely,a coor-
dinated steady turn. ADS-33 does not include quantitativehandling
qualities criteria that explicitlyaddresscoordinatedturns, except for
limits on the roll-to-sideslip coupling. In particular, no mention of
the � ight regime is made in the requirements on the short-term re-
sponse to control inputs for small-amplitudeattitudechanges.These
requirementswere formulated based on supportingdata that did not
include real or simulated turning � ight conditions.

The � ight dynamics of helicopters in turns has not been studied
extensively.The � rst systematic studies are due to Chen and Jeske,3

Chen et al.,4 and Chen.5 References 3 and 4 established procedures
for thecalculationof the trimstate in coordinatedanduncoordinated,
steady, helical turns. Reference 5 was a systematic investigationof
the � ight dynamics of various types of rotorcraft in steep, high-g
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turns. Among the conclusions of the study were that 1) strong cou-
plings between longitudinal and lateral directional dynamics exist
in high-g turns; 2) the direction of turn has a signi� cant in� uence
on the � ight dynamic characteristics;and 3) the characteristicsof a
hingeless rotor helicopterequipped with a stability and control aug-
mentation system (SCAS), otherwise satisfactoryfor 1-g � ight, can
become seriously degraded in steep turning � ight. The short-period
longitudinaldynamicsof the Westland Puma helicopterwas studied
by Houston.6 The study includeda systematicanalyticevaluationof
stability and control derivatives at various turn rates and an assess-
ment of the adequacy of various reduced-order models. One of the
conclusions was that the conventional short-period approximation
is inadequate,primarilybecauseof the strongcouplingbetween lon-
gitudinaland lateral directionaldynamics in banked turns. The trim
formulation of Ref. 3 was extended in Ref. 7 to include the steady-
state response of � exible rotor blades and was used in an analysis
of the aeroelastic stability of hingeless rotors in steady turns. The
aeroelastic analysis did not include the dynamic coupling between
rotor and fuselage,which was later added by Spence and Celi.8 Both
Refs. 7 and 8 address turning � ight conditions,but the focus was on
aeroelasticity and aeromechanics, rather than � ight dynamics and
handling qualities.

The general objective of this paper is to present the results of a
theoretical study of the � ight dynamics and handling qualities of a
hingeless rotor helicopter in a coordinatedsteady turn. Two speci� c
objectives, not addressed by previous research, are to 1) study the
frequency response of the helicopter to pilot inputs in pitch, roll,
and heave, for different advance ratios, load factors, and directions
of turn and 2) study the handling qualities characteristics in pitch
and roll of the helicopter in turning � ight, using the methodology
of the ADS-33 handling qualities speci� cations for the short-term
response to control inputs and small-amplitude attitude changes.

Mathematical Model
Formulation

The mathematical model of the helicopter used in this study is a
nonlinear blade element model that includes fuselage, rotor, main
rotor in� ow, and propulsion system dynamics. The six-degree-of-
freedomrigid-bodymotionof theaircraftis modeledusingnonlinear
Euler equations. Linear aerodynamics is assumed for fuselage and
empennage.

The blades are assumed to be rigid, with offset hinges and root
springs selected so as to achieve fundamental natural frequencies
in � ap and lag of 1.125/rev and 0.7/rev, respectively. Flap and lag
dynamicsof each bladeare modeled.The main rotorhas fourblades.
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Unsteady aerodynamic effects are modeled using the Pitt–Peters
dynamic in� ow model.9 The propulsion system model is a slightly
modi� ed version of that used by Chen.10

The coupled system of rotor, fuselage, in� ow, and propulsion
system equations of motion is written in � rst-order form. The state
vector has a total of 32 elements: � ap and lag displacements and
rates for each of the 4 blades (16 states); 9 rigid-body velocities,
rates, and attitudes; 3 in� ow states; and 2 propulsion system angles
and angular velocities.

Solution Methods
The trim procedure is the same as in Refs. 3 and 7. Thus, the rotor

equations of motion are transformed into a system of nonlinear al-
gebraicequationsusinga Galerkinmethod. The algebraicequations
enforcing force and moment equilibrium, and additional kinematic
equations that must be satis� ed in a turn, are added to the rotor
equations, and the combined system is solved simultaneously.The
solution yields the harmonics of a Fourier series expansion of the
rotor degrees of freedom, the pitch control settings, trim attitudes
and rates of the entire helicopter,and main and tail rotor in� ow. The
propulsion system is not included in the trim process. This implies
two assumptions: that the engine can generate a suf� cient torque in
any � ight condition and that the small � uctuations of rotor speed
associated with the lag dynamics of the rotor in trim do not affect
the engine torque.

Small perturbation equations of motion are obtained by numeri-
cal linearizationof the nonlinear equations about a trimmed condi-
tion. Because the equations of motion of the blades are formulated
and solved in a rotating coordinate system, a multiblade coordinate
transformation is used to transform the linearized system entirely
into nonrotating coordinate systems. The transformation removes
most of the periodicity of the equations; the residual periodic terms
are averaged over one rotor revolution, so that the � nal linearized
system is time invariant. This system is used to calculate frequency
responses, poles, and zeros.

Results
The basic characteristicsof the hingelesshelicoptercon� guration

used are presented in Table 1. This con� guration is representative
of a typical medium-sizehelicopter,but it is not meant to re� ect any
particular existing aircraft. A multidimensionalmatrix of test cases
was studied, consisting of variations of the following parameters:

1) Advance ratios ¹ are equal to 0:1 and 0:2.
2) Load factors nT are equal to 1 (straight � ight), 1.125, 1.25,

1.375, and 1.5. The load factor was de� ned as3

nT D 1 C . PÃV=g/2 (1)

where PÃ is the turn rate, V is the velocity along the trajectory, and
g is the acceleration due to gravity. Turn rates, advance ratios, and
load factors are shown in Fig. 1.

3) Directionsof turn are right handed, or clockwise when viewed
from above . PÃ < 0/, and left handed . PÃ > 0/.

Fig. 1 Load factor nT as a function of advance ratio and turn rate; the
symbols indicate the values used in the study.

Table 1 Helicopter con� guration used

Rotor speed 22 rad/s
Rotor disk radius R 9 m
Blade mean aerodynamic chord 0.6 m
Rotor hinge offset e 1.125 m /12.5%
IX X 10,000 kgm2

IY Y 54,000 kgm2

IZ Z 47,000 kgm2

IZ X 2,500 kgm2

Mass 9,075 kg
Rotor solidity ¾ 0.0849
CT =¾ (hover) 0.0857
Lock number ° 7.78916
Blade mass per unit length 16 kg/m
Number of blades (main rotor) 4
Blade twist 0 rad
Horizontal distance between c.g. and rotor 0 m
Vertical distance between c.g. and rotor 2.25 m
Horizontal tail surface 4.15 m2

Horizontal distance between c.g. and horizontal tail 9.9 m
Vertical distance between c.g. and horizontal tail ¡0.45 m
Vertical tail surface 3.04 m2

Horizontal distance between c.g. and vertical tail 10.66 m
Vertical distance between c.g. and vertical tail 0.91 m
Horizontal distance between c.g. and tail rotor 11.1 m
Vertical distance between c.g. and tail rotor 1.8 m
Number of blades (tail rotor) 3
Tail rotor radius 1.95 m
Tail rotor speed 100 rad/s
Tail rotor mean aerodynamic chord 0.3 m
Fundamental � ap frequency 1.125/rev
Fundamental lag frequency 0.7/rev
Shaft stiffness 541,065 Nm/rad
Engine-drive train inertia Ieq 1,673 kgm2

Hub inertia Ihub 164 kgm2

Damping of propulsion system 0 Nm s/rad
Pitch feedback to longitudinal cyclic Kµ ¡0:2

Fig. 2 Effect of load factor nT , advance ratio ¹, and direction of turn
on pitch bandwidth and phase delay.

Pitch Dynamics
Signi� cant changes occur in turning � ight conditions in both the

magnitude and the phase of the on-axis pitch response, especially
in the region between 1 and 8 rad/s that plays an important role in
de� ning the handling qualities of the aircraft. Figure 2 shows band-
widthand phasedelay in pitch,calculatedaccordingto thecriteriaof
ADS-33D.1 The handling qualities level boundaries are those spec-
i� ed by paragraph 3.4.1.1 of ADS-33D for the target acquisition
and tracking mission task element. (However, it should be remem-
bered that the speci� cations do not explicitly cover turning � ight
conditions.) Figure 2 indicates that the load factor has a profound
in� uence on the handling qualities of this helicopter con� guration.
In straight � ight and gentle turns, the helicopterhas level 1 handling
qualities at both ¹ D 0:1 and 0.2 and is phase limited, that is, the
phase bandwidth is lower than the gain bandwidth, and the overall
bandwidth is taken to be the former.1 For ¹ D 0:1, the phase and
the gain bandwidths are almost the same for nT D 1:125; the he-
licopter becomes gain limited in pitch for higher load factors. This
is accompanied by a drastic degradation of the handling qualities:
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Fig. 3 Effect of load factor nT on pitch frequency response and on
poles and zeros; right-handed turns at ¹ = 0.1.

for nT D 1:250 the helicopter crosses the level 2 boundary; for
nT D 1:375 and 1.5 sudden dramatic decreases of the bandwidth
and increasesof the phase delay place the representativepoints well
inside the level 3 region. Similar trendscan be seen for right-handed
turns at ¹ D 0:2. The bandwidthdecreasesfrom!BW D 3:5 rad/s for
nT D 1 to !BW D 1:4 for nT D 1:375. For nT D 1:5, a bandwidth
cannot be identi� ed and, therefore, its value is set to zero.

The handling qualities deterioration in right-handed turns is re-
lated to speci� c changes in the pitch frequency response that occur
with increasing load factor. Figure 3 integrates three plots. The top
two show the on-axis frequency response in pitch for three values
of the load factor nT . The advance ratio is ¹ D 0:1 and the turns
are to the right. A notch is present at about 7 rad/s, which is the
frequency of the regressive lag mode. As the load factor increases,
both the magnitude and the phase curves show valleys that become
deeper and move toward higher frequencies.These valleys result in
a prematurecrossingof the¡180-degphasedelay line for the curves
with nT D 1:375 and 1.5. As a consequence, these two curves have
a frequency!180 of only about 1.7–1.8 rad/s instead of about 4.5–5
rad/s for lower load factors. The phase bandwidth is consequently
also much lower and is equal to about 1.6 rad/s. Another conse-
quence of the reduced crossover frequencies for nT ¸ 1:375 is that
the gain bandwidth!BWgain becomesextremely low: to obtain a 6-dB
gain margin with respect to the gain at the crossover frequency, it
is necessary to go well below 0.1 rad/s. The phase delays are very
large for both values of nT ; this is primarily due to the depth of the
valleys in the phase curves. For nT D 1 and 1.125, magnitude and
phase curves do not show any noteworthy features from the han-
dling qualities point of view: in both cases level 1 is easily reached.
For the intermediate value nT D 1:25, the valley in the phase curve
crosses the ¡135-deg delay line, but not the ¡180-deg line. As a

consequence, the !180 frequency is essentially the same as for the
lower load factors, but the phase bandwidth is substantiallysmaller.
The gain bandwidth is also considerably lower. In fact, the magni-
tude curvehas a hump around 3 rad/s that is not suf� cient to provide
the required 6 dB of gain margin, and it is necessary to go down to
just below 2 rad/s. Above 1.5–2 rad/s the phase curve is generally
similar to those for the lower load factors and, therefore, the phase
delay increases only slightly.

To understand the reasons for the changes in the magnitude and
phase curves it is useful to considerhow poles and zeros of the heli-
copter change with load factor. The bottom plot of Fig. 3 shows the
change in the undamped natural frequency !n of poles and zeros
as a function of turn rate. The frequency scale is the same as in the
Bode plots in the upper part of the � gure.There are four poles in the
frequency range of interest, all of which appear as stable complex
conjugate pairs. The frequencies of the phugoid and of the short-
period poles increase with load factor while that of the Dutch roll
decreases slightly; these trends are in qualitative agreement with
those reported in Ref. 5. The frequency of the regressive lag pole
remains essentially constant. In straight � ight this pole is almost
exactly canceled by a zero. As the load factor increases, the sep-
aration between the pole and the zero increases slightly; because
of this, and because both are lightly damped, the size of the peak
and the notch in the magnitude and phase plots increase with in-
creasing turn rate. More interesting, from a handling qualities point
of view, is the evolution of the other zero plotted in the � gure. In
straight � ight,nT D 1, this zero is close to the Dutch roll pole.Exact
cancellationdoes not occur, indicating that some coupling between
longitudinal and lateral directional dynamics exists for this con� g-
uration even in straight � ight. As the load factor increases, so does
the frequency of this zero and, consequently, the separation from
the Dutch roll pole; this is a sign of increased coupling, which is
expected to occur in turning � ight.5 The bottoms of the valleys in
the magnitude and phase plots occur at frequencies that are close to
that of the zero. Therefore, the migration of this zero helps explain
the changes in the shapes of the magnitude and phase curves; these
in turn are responsiblefor the changesin bandwidthand phasedelay
with load factor discussed earlier. Consequently, the deterioration
in longitudinalhandlingqualitiescan be seen as an indirect effect of
the increased coupling between longitudinal and lateral directional
dynamics that occurs in turning � ight.

The pitch frequency response and the frequencies of poles and
zeros at ¹ D 0:2 are shown in Fig. 4 for the same values of load
factors as in Fig. 3. The bottom plot in the � gure shows that the
general behaviorwith frequencyof poles and zeros is similar to that
at ¹ D 0:1. The same poles dominate the frequencyband from 1 to
10 rad/s, namely: phugoid, Dutch roll, short period, and regressive
lag.A complex-conjugatezero is close to the regressivelag pole, and
both have very low damping. This results in the valley/peak pattern
around 7 rad/s. Another complex-conjugatezero cancels the Dutch
roll pole in straight � ight and moves to higher frequenciesas the turn
rate increases. The movement of this relatively lowly damped zero
causes valleys in the magnitudeand phase plots for all turning � ight
conditions.These valleysproducea prematurecrossingof the¡135-
deg phase line for all values of nT > 1 shown in Fig. 4. Therefore,
the phase bandwidth !BWphase drops from 3.5 rad/s for nT D 1 to
2.4 rad/s for nT D 1:125 and decreases further with increasing nT .
As to the ¡180-deg phase line, the premature crossings occur for
slightly larger values of nT , that is, for nT ¸ 1:25. Therefore, a
sharp drop of frequency !180 occurs for those values of nT ; !180

goes from 5.5 and 4.9 rad/s for nT D 1 and 1.125, respectively,
to 2.9 rad/s for nT D 1:25. This substantial reduction affects the
value of the gain bandwidth !BWgain. In fact, the reduced values
of crossover frequencies for nT ¸ 1:25 correspond to points on
the hump below 2.5–3 rad/s of the magnitude curve; adding the
required 6-dB gain margin leads to a gain bandwidth from 1.8 rad/s
for nT D 1:25 down to 1.4 rad/s for nT D 1:5. This last value is not
entirely correct because the maximum of the magnitude curve falls
short by about 0.3 dB of the required 6 dB. The system is phase
limited for nT D 1 and 1.125 and gain limited for nT ¸ 1:25.

Helicopters can have dynamics in right-handed turns different
from that in left-handedturns.5;7 Figure 5 shows frequencyresponse
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Fig. 4 Effect of load factor nT on pitch frequency response and on
poles and zeros; right-handed turns at ¹ = 0.2.

and pole/zero curves for the same � ight conditions and load factors
as Fig. 3, except that the turns are left handed (or counterclockwise
when seen from above). It is interesting to note that magnitude and
phase curves show none of the valleys observed for right-handed
turns. The valley/peak pattern associated with the rotor lag regres-
sive mode remains, but otherwise the frequency response curves
show only small and gradual variations with nT . The magnitudes
increase because of the increase in control effectiveness brought
about by the increasing load factor. The frequency !180 increases
from 5 to 5.7 rad/s as nT increases from 1 to 1.5. The gain band-
width !BWgain increases smoothly from 3.7 to 4.3 rad/s. The phase
bandwidth!BWphase decreasesslightlyfrom 3.3 to 3.2 rad/s, with the
result that the system is phase limited for all values of nT . Overall,
the effect of load factor clearly appears to be much more benign
and gradual for left than for right turns. The changes in handling
qualities characteristics are correspondingly small and gradual, as
shown in Fig. 2 (which also includes data for ¹ D 0:2). Level 1 is
achieved for all turn rates. The variations of gain and phase band-
width as a function of turn rate, advance ratio, and direction of turn
are summarized in Fig. 6.

The frequency changes of poles and zeros as a function of nT ,
shown in the bottom part of Fig. 5, are not suf� cient to explain the
differences between right- and left-handed turns, because the mi-
grations of the zero in the 1.5–4 rad/s band are qualitativelysimilar
to those observed in right-handedturns. What are needed to explain
the differences are the values of the damping associated with the
zero. The concept of damping ratio ³ of a zero will be used here
for convenience, although it does not have the same clear physical
interpretationas the damping of a pole. The damping ratio of a zero
will be calculated in the same way as that of a pole; a value ³ < 0
denotesa nonminimum-phasezero. Figure 7 shows the value of ³ as

Fig. 5 Effect of load factor nT on pitch frequency response and on
poles and zeros; left-handed turns at ¹ = 0.1.

Fig. 6 Effect of load factor nT on pitch bandwidth.

a function of turn rate for the zero previously identi� ed as respon-
sible for changes in the shapes of the frequency response curves.
It is clear from the � gure that increasing the turn rate increases
the damping for left-handed turns and decreases it for right-handed
turns. For an advance ratio ¹ D 0:1 and load factor nT ¸ 1:375, the
zero is nonminimum phase; this explains the large phase delays
clearly visible in Fig. 3 for those values of nT . The higher value of ³
in left-handedturns also explainswhy the zero does not produce the
same valleys in the frequencyresponsecurves as in the right-handed
turns.

It may be interesting to consider the frequency response curves
when the output is not the pitch attitude µ but rather the integral
of the pitch rate q. This angle, denoted here as µ¤, may give a
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Fig. 7 Effect of load factor nT on midfrequency pitch zero.

Fig. 8 Effect of load factor nT on pitch frequency response and on
poles and zeros; pitch angle is µ ¤ , right-handed turns at ¹ = 0.1.

better indication of attitude changes as seen by the pilot than the
angle µ , which is de� ned with respect to a gravity axis system. The
two angles are essentially identical in straight and level � ight but
become more different as the turn rate increases. Figure 8 shows
amplitude, phase, poles, and zeros for right turns at ¹ D 0:1; it
is identical to Fig. 3, except that the output is µ¤ instead of µ . In
this case, the damping of the midfrequencypitch zero of Fig. 7 still
decreases for right-handed turns, but the zero remains minimum
phase, and its damping ³ never goes below 0.3. As a result, the
changes in the frequency response characteristics are benign, and
the handlingqualities remain at level 1 at all turn rates. The crossing
of the ¡180-deg phase line is essentially unaffectedby turn rate, as
is the gain bandwidth.The phase bandwidth decreasesslightlywith

Fig. 9 Effect of load factor nT on roll frequency response and on poles
and zeros; right-handed turns at ¹ = 0.1.

turn rate; the valleys in the phase curves are very close at the ¡135-
deg phase line at low frequency but do not cross it.

Roll Dynamics
The on-axis frequencyresponsein roll is shown in Fig. 9 from1 to

30 rad/s, for differentvaluesof the load factor and ¹ D 0:1; all of the
turns are to the right.The undampednatural frequenciesof poles and
zeros are also shown in Fig. 9 as a functionof load factor. Two com-
plex poles and one complex zero appear in the 1–2 rad/s band. The
lower frequency pole corresponds to the phugoid; for nT · 1:125
this pole is essentially canceled by a zero, the behavior of which
is partially shown in Fig. 9. At higher load factors this zero disap-
pears from the frequency band shown, and the coupling increases.
The second pole pair corresponds to the Dutch roll mode. The zero
remains in the vicinity of this mode, and its frequency increases
slightly with load factor. Other noteworthy features shown in Fig. 9
are the short-period(pitch) pole pair around 4 rad/s, which is nearly
canceled by a complex zero for all load factors, and the notch/peak
pattern around 7 rad/s correspondingto the lag regressive pole pair
that is nearly canceledby a zero pair, both pairs lightly damped.The
pole at about 10 rad/s corresponds to the roll or L p mode.

The behavior of the zero near the Dutch roll pole has some sim-
ilarities with that of the pitch zero discussed earlier, but its effects
on the roll frequency response are quite different. In fact, it does
not trigger any major changes in the shape of the magnitude or
the phase curves. Phase bandwidth and crossover frequencyexhibit
small and smooth changes with load factor, and the same is true
for the gain bandwidth if the response peak around 7 rad/s is ig-
nored when locating the point with 6-dB gain margin. The zero
remains minimum phase for all of the turning � ight conditions and
is well damped except for left turns at ¹ D 0:1; this helps explain
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Fig. 10 Effect of load factor nT on roll frequency response; left-handed
turns at ¹ = 0.1.

Fig. 11 Effect of load factor nT and direction of turn on roll bandwidth
and phase delay.

the differences between pitch and roll frequency responses for the
same � ight conditions (Figs. 3 and 9). For left turns at ¹ D 0:1, the
damping is lowest, with ³ D 0:09. Figure 10 shows the frequency
response for nT D 1, 1.25, and 1.5. The zero and the Dutch roll pole
interact below 2 rad/s, with noticeable decreases in magnitude and
increasesin phase delay for increasingnT . However, the differences
in gain above2 rad/s are modest,andphasebandwidthand crossover
frequency increase only slightly with load factor.

Figure 11 shows bandwidth and phase delay as functions of load
factor and direction of turn for ¹ D 0:1 and 0.2. The quantities are
calculatedfollowingthecriteriaof ADS-33D.1 In all cases thepoints
are well within the region of level 1 handling qualities. However, it
should be kept in mind that the phase delays shown in Fig. 11 (and
those shown in Fig. 2 for pitch) are optimistic because they only
include the effect of fuselage and rotor dynamics. Other important

sources of delays, such as swashplate actuators, sensor and compu-
tation delays have not been modeled in this study. In all cases the
bandwidth corresponds to the phase bandwidth, i.e., the system is
phase limited. The results show that the bandwidth tends to increase
with turn rate; this is likely due to the increase of roll damping L p

in turns (increase also observed in Refs. 5 and 6). In fact, it can be
shown that for a � rst-order approximation to the Á.s/=µ1c.s/ trans-
fer function and for nT D 1 the phase bandwidth is equal to ¡L p .
The phase delay also tends to decrease with load factor.

Heave Dynamics
The top portionof Fig. 12 shows the heave frequencyresponse to

collective pitch for right-handed turns at an advance ratio ¹ D 0:1,
for frequenciesbetween 0.5 and 30 rad/s; the bottom portion shows
the undamped natural frequencies of poles and zeros as a function
of load factor for the same frequency band. The main feature of
the magnitude plot is a valley below 3 rad/s, of depth varying from
about 10 dB in straight � ight to more than 20 dB for nT D 1:5. The
frequency at which the bottom of the valley occurs decreases with
increasing load factor. This is due to the interaction of two pairs of
complex conjugates, lowly damped poles (phugoid and Dutch roll),
one real zero, and two complex-conjugatepairs of zeros. There are
essentially no cancellations among these poles and zeros, with the
short-periodpole around 4 rad/s; therefore, the dynamics stays cou-
pled at all load factors.At the highest load factor nT D 1:5, there is a
substantial increase in phase delay at about 1.3 rad/s. The damping
ratio of the three zeros in the 1–3 rad/s band is shown in Fig. 13.
The lowest frequency zeros also have the lowest damping, which
decreases with turn rate and becomes slightly negative at nT D 1:5.
Therefore,the increasedphasedelayobservedin Fig. 12 fornT D 1:5
is due to this nonminimum-phase zero. Finally, Fig. 14 shows the

Fig. 12 Effect of load factor nT on heave frequency response and on
poles and zeros; right-handed turns at ¹ = 0.1.
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Fig. 13 Effect of load factor nT on heave zeros; right-handed turns at
¹ = 0.1.

Fig.14 Heave and revolutionsper minuteresponse to1 deg of collective
pitch; right-handed turns at ¹ = 0.1.

time history of the response of heave and propulsion system speeds
to a one-degreestep input of collectivepitch. The angular velocities
of the rotor,Ä, and of the transmissionat the exit of the gearbox,Ä1,
are essentially superimposed in the scale of Fig. 14 (although the
effectsof propulsionsystemdynamicsare clearlyvisiblein enlarged
views). The heave velocity response becomes more and more oscil-
latory as nT increases because of the reduction in damping of the
zero already mentioned.The frequencyis that of the phugoidmode,
which for these� ight conditionsis alsoclose to thatof theDutch roll.

For nT , Fig. 14 does not show the inversion of the initial slope of
the heave response w that would be expected in the presence of a
nonminimum-phasezero.The reasonis thezerosare calculatedfrom
the linearized model of the helicopter, whereas the time histories
are calculated from the full nonlinear model. For small-amplitude
inputs the differencesare small, but in this case they are suf� cient to
produce minimum-phase-type responses with a zero only slightly
in the right-half plane. The response calculated from the linearized
model, not shown here, does, indeed, show an inversionof the slope
of the initial response.

Additional Comments
Comparing the effects of zeros for the various axes, it is possible

to concludethat thechangesin frequencyanddampingof a zerowith
load factor can explain large changes in the shapes of the frequency

responsecurves. These changescan then translate into degradations
in handling qualities in turning � ight. However, the presence of one
or more lowly damped zeros does not necessarily affect handling
qualities. Whether or not it does also depends on the frequency of
the zeros and on their separation from nearby poles (which may
be canceled, or near canceled, in straight � ight). Note that the he-
licopter remains stable for all of the � ight conditions considered
in this study, and, therefore, any possible degradation of handling
qualities should not be attributed to any bare airframe instability.

The results of this study may have practical implications on the
design of � ight control systems. Reference 5 includes a numerical
study of the characteristics of a SCAS designed based on steady
straight � ight conditions. This SCAS could stabilize the helicopter
in left turns at load factors of 1.5 and 2, but not in right turns at the
same load factors. In light of the results of the present study, it is
possible that the degradation in right turns may have been caused
by the presence of a nonminimum-phase zero that was stable in
straight � ight and that attracted the closed-loop system poles into
an unstable region. Lowly damped or nonminimum-phase zeros
may also appear in the heave response. Therefore, if the helicopter
is equipped with a governor to keep the rotor speed constant, and if
the governor has been designed based on straight � ight conditions,
it is prudent to verify the design in turning � ight to guard against
possible degradations in performance induced by these zeros.

The results presented indicate that one of the effectsof the migra-
tion of the zero is to make the aircraft gain limited in some turning
� ight conditions. In ADS-33 the inclusion of the gain bandwidth in
the requirements is intended to avoid � at portions of the magnitude
curves. These are associated with rapid reductions of phase margin
for small changes in pilot gain and may result in a pilot-induced-
oscillation-prone aircraft.11 In the present study, however, a direct
applicationof ADS-33 criteria results in gain-limitedcon� gurations
that do not exhibit these precise characteristics. Therefore, there
remains an open question of whether the low, gain-limited band-
width in turning � ight is a sort of mathematical artifact or whether
it does correspond to a real degradation of handling qualities, pos-
sibly through mechanisms other than those intended in the original
formulation of the ADS-33 speci� cation. For example, if the ADS-
33 criteria are applied with a pseudo-pitch angle µ¤ given by the
integral of the pitch rate q , rather than with the true pitch angle µ ,
no substantial deterioration in handling qualities is predicted.

If these degradations are real, this would also have implications
in pilot-in-the-loop,real-time � ight simulations.Handling qualities
studiessuch as thoseofRefs. 12 and13are an example:theirpurpose
was to determine through piloted simulations the magnitudes of
pitch and roll bandwidth,normal load factors, and other parameters
required to achieve level 1 handling qualities in air-to-air combat
missions. Substantial portions of the simulation were conducted
in turning � ight. The mathematical model driving the simulation
included the effect of load factor on pitch and roll rate damping
derivatives and neglected control or response couplings.14 Because
the handlingqualitiesdegradationsidenti� ed in thepresentstudyare
ultimately traced to longitudinal/lateraldirectionalcouplingeffects,
including these effects in mathematical models that drive real-time
simulations could improve the � delity of the simulations and the
accuracy of the conclusions drawn from them.

Summary and Conclusions
Results were presented of a theoretical study of some aspects of

the � ight dynamics of hingeless single-rotor helicopters in turning
� ight conditions. Frequency response characteristics in pitch and
roll were evaluated for various advance ratios, turn rates, and turn
directions and were compared with the criteria of the ADS-33 han-
dling qualities speci� cations for short-termresponse to pilot inputs.
Frequency responses in heave were also presentedand discussed.A
representative(but hypothetical) helicoptercon� guration was used.

The main conclusions of the present study are as follows:
1) Couplingsbetween lateral and longitudinaldynamics are pres-

ent in turning � ight. The separationof at least one pole-zero pair, at
frequenciesbelow3–4 rad/s, increaseswith loadfactor.Flight speed,
load factor, and direction of turn affect frequency and damping of
both poles and zeros.
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2) In someturning� ightconditions,zeros that are stableinstraight
� ight can become lowly dampedand then unstable,or nonminimum
phase. In the present study, this occurred in the pitch degree of
freedom for one complex zero at an advance ratio ¹ D 0:1 and
right-handedturns. The migration of the zero changed the shape of
the frequencyresponsecurvesand causeda deteriorationof handling
qualitiesaccordingto theADS-33 criteria.A lowlydampedzero that
becamenonminimumphaseat a load factorof 1.5 was also observed
in the heave frequency response.

3) The presenceof one or more lowly dampedzerosdoes not nec–

essarilyaffecthandlingqualities.Whetheror not it doesalsodepends
on the frequency of the zeros and on their separation from nearby
poles. Because the helicopter was stable in all � ight conditions,
possible degradationsof handling qualities should not be attributed
to bare airframe instabilities.

4) Changes in frequencyand damping of the zeros, and in partic-
ular the appearance of nonminimum-phase zeros, may cause � ight
control systems designed for straight � ight to perform poorly in
some turning � ight conditions.

5)The bandwidthcriteriaofADS-33 do not explicitlyaddressma-
neuvering � ight conditions.Therefore, there remains an open ques-
tion of whether the degradations of handling qualities identi� ed in
this studyare real (possiblythroughmechanismsother than those in-
tended in the original formulation of the speci� cation) or some sort
of mathematical artifact. For example, the deteriorations in pitch
handling qualities all but disappear if the criteria are applied with a
pseudopitchangle µ¤ given by the integral of the pitch rate q, rather
than with the true pitch angle µ .
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